Abstract. We prove that bi-invariant word metrics are bounded on certain Chevalley groups. As an application we provide restrictions on Hamiltonian actions of such groups.
Introduction

1.
A. The result. Let O V ⊂ K be a ring of V-integers in a number field K, where V is a set of valuations containing all Archimedean ones. Let G π (Φ, O V ) be the Chevalley group associated with a faithful representation π : g → gl(V) of a simple complex Lie algebra of rank at least two (see Section 4.A for details).
Theorem 1.1. Let Γ be a finite extension or a supergroup of finite index of the Chevalley group G π (Φ, O V ). Then any bi-invariant metric on Γ is bounded.
The examples to which Theorem 1.1 applies include the following groups.
(1) SL(n; Z); it is a non-uniform lattice in SL(n; R).
(2) SL n; Z 2 ; the image of its diagonal embedding into the product SL(n; R) × SL(n; R) is a non-uniform lattice.
(3) SO(n; Z) := A ∈ SL(n, Z) | AJA T = J , where J is the matrix with ones on the anti-diagonal and zeros elsewhere. It is a nonuniform lattice in the split real form of SO(n, C).
(4) Sp(2n; Z); it is a non-uniform lattice in Sp(2n; R). Its nontrivial central extension by the infinite cyclic group has unbounded bi-invariant word metric (see Example 3.11).
The details of these and other examples are presented in Section 4.C on page 12.
1.B. Remarks. The proof of Theorem 1.1 follows from the boundedness of the bi-invariant word metric. This is the usual word metric induced by a set of generators invariant under conjugation. Such generating sets are in general infinite. However, if a group Γ is generated by conjugates of finitely many elements then the Lipschitz 1 equivalence class of such metrics is well defined and it is maximal among all bi-invariant metrics. In particular, if such a bi-invariant word metric is bounded then so is any bi-invariant metric.
Thus the proof amounts to showing that the bi-invariant word metric is bounded on a group Γ as in Theorem 1.1. It is a combination of two known facts. The first is that the group G(O V ) has bounded generation. This means that there is a subset X ⊂ G(O V ) and a number m ∈ N such that every element g ∈ G(O V ) is a product of at most m elements from X. The second fact is that the bi-invariant word norm is bounded on X. The details are presented in Section 4.A.
Although the bounded generation is inherited by finite index subgroups, bi-invariant word metrics do not behave well with this respect. For example, Z is an index two unbounded subgroup in the infinite dihedral group that is bounded (Example 2.7). In Section 3, we present (mostly well known) tools used to prove unboundedness of bi-invariant word metrics.
Question 1.2. Suppose that G is semisimple real Lie groups of higher rank and with finite centre. Is a lattice Γ ⊂ G bounded with respect to the bi-invariant word metric?
Notice that certain lattices in groups of rank 1 admit nontrivial homogeneous quasi-homomorphisms which implies that their bi-invariant word metrics are unbounded (see Lemma 3.6).
The commutator length (on a perfect group), and its generalisation due to Calegari and Zhuang [4] called the W-length, as well as the torsion length (on a group generated by torsion elements) [16] induce bi-invariant metrics. Although they are all interesting in their own rights our main motivation for understanding bi-invariant word metrics was different. The well known result of Polterovich [20] states that there are no nontrivial Hamiltonian actions of certain lattices on symplectically hyperbolic manifolds [15] . 2. Preliminaries on bi-invariant word metrics 2.A. The word metric. Let Γ be a group generated by a set S ⊂ Γ. The word norm on Γ with respect to S is defined by
Suppose that
. It is a standard fact that the above function satisfies the following properties for all elements g , h ∈ Γ.
The metric is called the word metric associated with the generating set S. The geometry of such metrics for finitely generated groups has been a subject of extensive research during the last few decades originating in Gromov [10] .
2.B. Bi-invariant word metrics. If the generating set S is invariant under the conjugation then so is the norm. That is, for all g , h ∈ Γ we have |hg h
The induced metric is then bi-invariant. Let S ⊂ Γ be a subset normally generating Γ. This means that Γ is generated by
The set S is invariant under the conjugation. If S is a generating set then, since S ⊂ S, we have
If Γ is Abelian then the two norms coincide. In general, the bi-invariant norm is strictly smaller on some elements.
Remark 2.1. The basic properties presented in this section are elementary and can be found in the paper of Burago, Ivanov and Polterovich [2] , where they investigate bi-invariant metrics on groups of diffeomorphisms of manifolds.
In general, not much is known for bi-invariant word metrics with an exception for the commutator length (see Section 3.B).
Example 2.2. Let Γ = F 2 be a free group generated by two elements.
If Γ has finitely many conjugacy classes then any biinvariant metric is bounded. ♦
2.C. The Lipschitz property.
A group G is normally finitely generated if there exists a finite set S ⊂ G, such that G is generated by all the conjugates of elements of S.
Lemma 2.4. Let Γ be a group normally generated by a finite set S = S −1 . Let G be a group equipped with a bi-invariant norm . A homomorphism ψ : Γ → G is Lipschitz. That is, there exists a positive constant µ ∈ R such that
Proof. Let µ := max{ ψ(s) | s ∈ S} and let g = s
If G is a simple group then it is normally generated by {g , g −1 } for any g = Id. Let us apply this to the group of Hamiltonian diffeomorphisms of a closed symplectic manifold. Let Id = g ∈ Ham(M, ω) and let S = {g , g
where f denotes the Hofer norm. ♦
The Lipschitz equivalence class of a bi-invariant word metric on a normally finitely generated group is well defined. And this class is maximal in the sense that any other bi-invariant metric is Lipschitz with respect to it. More precisely, the identity from the word metric to any other bi-invariant metric is Lipschitz. In particular, a normally finitely generated group G admits an unbounded bi-invariant metric if and only if the bi-invariant word metric is unbounded.
2.D. Convention.
In what follows, we shall frequently abuse terminology by saying the bi-invariant word metric having in mind the Lipschitz equivalence class of such metrics. The notation d Γ will mean d S for some finite generating set S ⊂ Γ. 
When a bi-invariant metric is unbounded?
Most of the material presented in this section is known and standard, except possibly for the part about extensions.
Let G be a group equipped with a norm . The translation length of an element g ∈ G is defined by
Proof. First, observe that 0 ≤ 
Since ǫ is arbitrary, this shows that
which finishes the proof.
An element g ∈ G is called distorted with respect to the norm if its translation length is equal to zero and undistorted otherwise. [3] . Let G be a group. The commutator length cl : [G, G] → R is defined to be the length of the shortest word expressing g and consisting of commutators of elements from G. Notice that if G = [G, G] then the commutator length is a bi-invariant norm on G. Thus following observation is direct consequence of Lemma 2.4. Lemma 3.3. Let Γ be a perfect group generated by a finite set S = S −1 . Then there exists a constant ν > 0 such that
3.B. The commutator length
In other words, the bi-invariant word norm is Lipschitz with respect to the commutator length.
The stable commutator length of an element g ∈ G is defined as the translation length with respect to the commutator length. That is,
The previous lemma has an immediate corollary. 3.C. Quasi-homomorphisms [17] . Let G be a group. A quasi-homomorphism q : G → R is a function such that there exist a constant
for every g ∈ G and every n ∈ Z. If q : G → R is a quasi-homomorphism with defect D then the formula
n defines a homogeneous quasi-homomorphism and we have
Thus if q is unbounded then so is its homogenisation and if q is bounded then its homogenisation is identically zero. 
Proof. Let µ := max{|q(s)| | s ∈ S}. Let g ∈ Γ be of S-length equal to k. That is, g = s
The following calculation follows directly from the quasi-homomorphism property of q. (Γ; R) → H 2 (Γ; R) has kernel, and as a corollary there exists nontrivial, thus unbounded quasimorphism on Γ Consequently, the bi-invariant word metric on a nonelementary hyperbolic group is unbounded. Proof. If the extension is bounded then the quotient is bounded due to the Lipschitz property of the quotient homomorphism (see Section 2.C).
Suppose that the bi-invariant word metric of the quotient is bounded by m. Let s : Γ → Γ be a section such that s(1) = 1. Let S be a generating set of Γ containing the image s(S) of the generating set of the quotient. Let κ := max{|i (k)| Γ | k ∈ K}.
Letĝ ∈ Γ be any element. Let π(ĝ ) = g 1 . . . g m . The following calculation yields the proof. Proof. Let B be a constant such that |c(g , h)| ≤ B for every g , h ∈ Γ. Let s : Γ → Γ be a section such that s(1) = 1. Let S be a set normally generating Γ. Then its image s(S) normally generate Γ. We consider the word metrics with respect to these sets. Suppose, on the contrary to the statement, that i (Z) ⊂ Γ is bounded. That is there exists a constant C such that |i (k)| Γ ≤ C for every k ∈ Z. For any k ∈ Z we have the following equalities.
It follows that |k| ≤ (m − 1)B ≤ CB which is a contradiction for k ∈ Z was chosen to be arbitrary. Example 3.11. Let Γ = Sp(2n, Z) ⊂ Sp(2n; R) be a lattice and let Γ be the central extension that is the pullback of the universal cover Sp(2n; R) → Sp(2n; R) with respect to the inclusion of the lattice.
It is known that this extension is associated with a bounded cohomology class and hence Sp(2n; Z) is unbounded, due to Proposition 3.10. On the other hand, the quotient Sp(2n; Z) is a Chevalley group and, according to Theorem 1.1, it is bounded. ♦
Bi-invariant word metrics on Chevalley groups
4.A. Chevalley groups. Let π : g → gl(V) be a representation of a complex semisimple Lie algebra and let O be a commutative ring with unit. Let Φ denotes the root system associated with a Cartan subalgebra h ⊂ g. With these data there are associated two groups
called the elementary Chevalley group and the Chevalley group respectively. If O is a field then these groups coincide and are well understood [1, 5, 21] . The situation over rings is much more delicate [23] . Let us define the groups.
The elementary Chevalley group E π (Φ, O) is defined as the subgroup of the automorphism group Aut(V Z ⊗ Z O) generated by elements of the form
where α ∈ Φ is a root and t ∈ O. Here, V Z is an admissible Z-form of V, that is, an integral lattice preserved by the representation, see Borel [1] for details.
Let G ⊂ G(n, C) be a complex Lie group corresponding to the Lie algebra g, where the identification GL(V) ∼ = GL(n, C) is done via the basis of V Z . This basis defines coordinate functions on GL(n, C) restrictions of which generate a Hopf subalgebra Z[G] ⊂ [G] in the coordinate ring for G. The Chevalley group is defined to be an affine group scheme over the integers
Remark 4.1. Both definitions above depend on the choice of the admissible Z-form V Z . This choice is not mentioned in our abused notation.
It is not difficult to see that there is an inclusion
Moreover, if G is of rank at least two and O = O V is the ring of Vintegers in a number field then the two groups coincide (see Tavgen' [22, Lemma 4] 
where i , j are positive integers such that i α + j β is a root and C is an integer such that |C| ≤ 3. The product is taken in the order of increasing i + j .
4.B.
Proof of Theorem 1.1. We shall prove the statement for the elementary Chevalley group. Since it is of finite index in the Chevalley group the result follows for the latter and for a general Γ as in the statement of theorem as well.
We shall show that there exists a positive number m ∈ R such that for every element g ∈ E π (Φ, O V ) and every n ∈ Z we have |g n | ≤ m. The first step is to prove this claim for an element of the form x α (r ) ∈ E π (Φ, O V ), where α ∈ Φ is a root and r ∈ O V .
There exist a subsystem Ψ ⊂ Φ of rank two isomorphic to either A 2 or B 2 and containing α. Indeed, there is a subsystem of rank two containing α and it follows from the simplicity and the higher rank that this system has to be simple of rank two, that is one of A 2 , B 2 , G 2 . It is then easy to see that each root in G 2 is contained in some A 2 .
Observe that there exists β, γ ∈ Ψ such that α = β + γ and no other positive combination of β and γ is a root. It follows from Lemma 4.2 that
where k ∈ Z and C = ±1, ±2 or ±3. Thus we obtain that
which implies that the cyclic subgroup generated by x α (r ) stays within a bounded distance from the identity.
It is a result of Tavgen ' [22] that the group E π (Φ, O V ) has bounded generation with respect to the set of elements of the form x α (r ). That is, there is a constant B ∈ N such that every g ∈ E π (Φ, O V ) is a product of at most B elements of the form x α (r ).
Let ρ 1 , . . . , ρ n ∈ O V be elements such that there is an isomorphism O V ∼ = Zρ 1 ⊕ . . . ⊕ Zρ n of abelian groups. Let S := {x α (ρ i )} be a set of generators of G π (Φ, O V ) and let µ be a number such that
Putting the two results together we obtain the following estimate for (3) every quasi-homomorphism q : Γ → R is bounded.
4.C. Properties and examples of Chevalley groups. Suppose that
G is an algebraic group defined over O. It is clear from the definition of (elementary) Chevalley group that we have inclusions
In what follows we list various examples of bounded groups. Notice that each example provides more groups by taking finite extensions, quotients and finite index supergroups. Let B be a quadratic form represented by the matrix with ones on the antidiagonal and zeros elsewhere. The associated orthogonal group SO(n, n + 1, Z) for n ≥ 2 is bounded because it is the Chevalley group G(B n , Z). It is a non-uniform lattice in SO(n, n + 1). A similar example exists for the root system D n . ♦ Example 4.8. For the root system C n we obtain that the Chevalley group G(C n , Z) is equal to Sp(2n; Z) and it is a non-uniform lattice in the split real form Sp(2n; R). ♦
Hamiltonian representations
5.
A. The Hofer metric [11, 19] . Let (M, ω) be a symplectic manifold. That is, M is a smooth manifold and ω is a closed and non-degenerate two-form.
Let H : M × R → R be a smooth function. It follows from he nondegeneracy of the symplectic form that the time-dependent vector field satisfying the identity
is well defined. Moreover, according to the closeness of the symplectic form the flow f t of this vector field preserves the symplectic form, Let {U i } ⊂ M be a family of open subset such that their incidence graph is isomorphic to
Such representations provide sometimes less obvious representations due to the fact that right-angled Artin groups contain many interesting subgroups [12] . The injectivity of certain Hamiltonian actions of right-angled Artin groups on two-dimensional sphere has been proven by M.Kapovich [13] . ♦ It is known that Γ is a cocompact irreducible lattice in SO(p, q) × SO(p +q). Taking the composition of the inclusion and the projection onto the second factor we obtain and a highly nontrivial Hamiltonian action of Γ on coadjoint orbits of SO(2n). Notice, however that Γ is not a Chevalley group. ♦
In the noncompact case the situation is different. On the other hand, the above inclusion is highly distorted. It is a result of Sikorav (Theorem 5 in Chapter 5 of Hofer-Zehnder [11] ) that Ham(D(r ), ω 0 ) is within a bounded distance from the identity with respect to the Hofer metric on Ham(R 2n ). ♦
5.C. Other restrictions on actions of lattices.
Example 5.5. Let Γ be a irreducible non-uniform lattice in a semisimple Lie group of higher rank. It is a result of Polterovich [20] that if (M, ω) is a closed symplectically hyperbolic manifold then there is no non-trivial homomorphism Γ → Ham(M, ω). It would be interesting to know if there are nontrivial bounded subgroups in Ham(M, ω) where (M, ω) is symplectically hyperbolic. ♦ Our final comment is concerned with actions supported on a proper subset of a manifold. In such cases there are severe restrictions coming from Thurston Stability as presented by Franks in [9] . It implies that there is no chance for embedding a lattice Γ ⊂ G in a semisimple Lie group of higher rank into a compactly supported diffeomorphisms of a non-compact manifold.
Proposition 5.6. Let Γ be a finitely generated group. Let Γ → Diff(M) be a smooth effective action with support strictly smaller than M. Then either Γ is trivial or it admits a nontrivial homomorphism Γ → R.
